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Abstract 

Let / and p be two distinct primes. Let A" be a local field of charac- 
teristic and residue characteristic I. In this paper we prove existence of 
local eo-constants for representations of Gal(K /K) over Iwasawa algebras 
of p-adic Lie groups. Existence of these eo-constants was conjectured by 
Kato (for commutative Iwasawa algebras) and Fukaya-Kato (in general). 



1 Introduction 

In the last decade a nice conjectural picture of noncommutative Iwasawa theory 
has emerged thanks to Burns-Flach [T], Huber-Kings 0, Coates. et. al. [3], 
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Fukaya-Kato [7J, among others. A key part of Iwasawa theory is the (conjec- 
tural) existence of p-adic L-function for a motive and a p-adic Lie extension 
of a number field, both satisfying certain conditions (see section 4 of Fukaya- 
Kato [7J). The defining property of the p-adic L-function is that it interpolates 
certain values of complex L-functions coming from the motive and Artin repre- 
sentations of the p-adic Lie extension, p-adic L-functions are expected to satisfy 
a functional equation analogous to (conjectural) functional equations of complex 
L-functions. The so called epsilon constant appears in the functional equation 
of complex L-functions. This epsilon constant is a product of local epsilon con- 
stants; Ladic epsilon constant for each prime I of the number field over which 
we are defining the L-function. These local epsilon constants are defined for 
one dimensional representations in Tate's thesis [20]. They are constructed in 
general in an unpublished manuscript of Langlands |15j and later, by a simpler 
method, in Deligne [Jj. Kato [T3] and Fukaya-Kato [7J conjecture existence of 
p-adic analogues of these epsilon constants. We call this conjecture 'Kato's local 
e-conjecture'. These p-adic analogues of epsilon constants should appear in the 
conjectural functional equation of p-adic L-functions. Their defining property 
is that they interpolate the epsilon constants of Deligne-Langlands attached to 
motives and Artin representations of p-adic Lie extensions. There are two cases 
of this conjecture: we have the Ladic local epsilon factors and a p-adic Lie 
extension, so the two cases are (by abuse of language) I = p and I p. 

The case I = p seems to be very deep (see Kato [T3] and a survey of it, among 
other results, in Venjakob [24]) and, as far as the author is aware, very few results 
are known in this direction. In this paper we prove, up to uniqueness, Kato's 
local e-conjecture in the / p case. We give a sufficient algebraic condition to 
ensure uniqueness. Kato's local e-conjecture is known in the commutative case 
by Yasuda [2Hj. In a recent preprint Yasuda [27] proves the noncommutative 
version by a method completely different than ours. We remark that we do not 
use any of the results proven by Yasuda, including the commutative case, in our 
proof. 

Our strategy for proving the conjecture is as follows: Huber-Kings [5] (see 
also Fukaya-Kato [7J 2.3.5) made a remarkable observation which roughly says 
that "to prove the Equivariant Tamagawa Number Conjecture (ETNC) for ar- 
bitrary motives and arbitrary extensions it is enough to prove it for Tate mo- 
tives and arbitrary extensions". While this strategy has not yet been applied 
to ETNC except to prove uniqueness (Fukaya-Kato [7J 2.3.5), we use it here 
to prove Kato's local e-conjecture I # p case. Therefore we first prove the 
existence of epsilon constants for Tate motives and then in general by a boot- 
strapping process. The existence of epsilon constants for Tate motives and finite 
extensions is equivalent to showing that the Galois Gauss sums of Martinet [IB] 
belong to the image of "determinant" map from a certain K\ group. This is fa- 
mously proven for Tame extensions by Taylor [21] during his proof of Frdhlich's 
conjecture. It is subsequently generalised in Holland- Wilson [5] to arbitrary ex- 
tensions using the results of Deligne- Henniart [5] . We do not use the results of 
Taylor, Holland- Wilson or Deligne-Henniart in our proof. Our proof has some 
similarities with Taylor's proof, for instance, both proofs use integral logarithm 
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developed by Oliver and Taylor (in fact we use a more general construction of 
integral logarithm from Chinburg-Pappas- Taylor [2]) and both proofs have cer- 
tain congruences between Gauss sums. However, the congruences in this paper 
look different from that in Taylor 121, and we have made no attempt to compare 
the two. 

Our construction of the p-adic epsilon factors is philosophically close to the 
construction of Langlands but admittedly much easier. Let us explain this 
briefly. Langlands starts with epsilon constants defined by Tate for one dimen- 
sional representation. It is easy to construct a candidate for epsilon constants for 
arbitrary finite dimensional representations using Brauer's induction theorem. 
However, it is a very difficult task to prove well-defined-ness of this definition 
of epsilon factors (see the comment at the end of section [2]). Nonetheless, Lang- 
lands shows this in his manuscript Langlands 115] by determining presentation 
of the kernel of "Brauer's induction map" and then using it to show that the 
epsilon constants on elements in the kernel are 1. In our proof we use an ex- 
plicit expression for the p-adic epsilon constants for finite abelian extensions. 
We then prove that the p-adic epsilon constant for finite non-abelian extensions 
exists if the p-adic epsilon constants for abelian subextensions satisfy certain 
compatibilities (or congruences). The precise shape of these compatibilities is 
determined by a theorem which is in a sense dual to Brauer's induction theorem 
(see the proof of theorem [7. II in section[7J especially the map (3q,j which is dual 
to the induction map). 

The paper is organised as follows. In section [2] we briefly review the proper- 
ties of Deligne-Langlands local epsilon factors after setting up notations for the 
paper. In section[3]we recall the statement of the conjecture. In section|4j which 
is the heart of the paper, we prove the existence of p-adic epsilon factors for 
Tate motives. This uses some algebraic results such as description K\ -groups 
of certain groups rings. These results are collected in the appendix, section [Jj 
Sections [5] and [6] finish the proof of our main theorem 13.11 

I take this opportunity to thank John Coates for his constant encouragement. 

1 thank David Burns for motivation and stimulating discussions. Without his 
insistence I would not have taken up this problem. I also thank Seidai Yasuda 
for providing a preprint of his paper. 

2 Review of Deligne-Langlands local constants 

In this section we recall basic properties of Deligne-Langlands local constants. 
We do not recall their definition or construction. Notation from this section is 
used throughout the paper. Fix a prime number I. Let K be a finite extension 
of Qi, We denote by Ok the ring of integers of K . Let it be a uniformiser of 
Ok and k = Ok/{tt). Let |fc| = l d . Let || • || be the norm on K normalised so 
that || 7T ||= r d . _ 

Fix an algebraic closure K of K . Let K ur be the maximal unramified exten- 
sion of K in K. We denote by F/ the residue field that is an algebraic closure 
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of Fj. Recall that the Weil group W(K/K) is defined by 

W(K/K) = {a e Gal(K/K) : v(a) e Z}, 
where v is the composition Gal(K/K) — » GaZ (F;/F;) = Z = lira Z/nZ. Here the 

n 

isomorphism sends the arithmetic Frobenius in GaZ (F;/Fj) (the map x >-> x') 
to 1 e Z. The group W(K/K) is regarded as a topological group in the way that 
the subgroup / := Ker(v) = Gal(K/K ur ) has the usual topology and is open 
in W{K/K). We denote the wild inertia group by P. Consider the following 
commutative diagram. 

^ J< W{K/K) W{k/k) = Z 



1 + (tt)C ^ O x C > i^x Z 

The third vertical arrow induces an isomorphism between W(K/K) ab and K x . 
We denote the inverse of this map, the Artin map, by 

recK := recx /K : K x ^> W(K/K) ab . 

If L is a Galois extension of K, then we put 

rec L/K : K x Gal(L/K) ab 

for the Artin map. If the extension L is clear from the context we simply write 
rec for rec^/^. 

Let E be a field containing Q; and all i-power roots of 1. We endow it with 
discrete topology. For a topological group G, we define Re{G) to be the ring of 
continuous finite dimensional virtual representations of G with values in E. We 
tacitly use the term representation to mean actual representation rather than a 
virtual representation. There is a ring homomorphism 

dim : R E {G) Z. 

We denote Rc (G) simply by R(G). Let dx be a E- valued Haar measure on K 
and let ip be an additive character of K i.e. a homomorphism ip : K — ► E x . 
The Haar measure dx satisfies 

d(ax) =|| a || dx for any a e K x 

Define n(ip) to be the smallest integer n such that ip\r^-n.\ = 1. If x is a one 
dimensional character of W{K/K) i.e. a homomorphism \ '■ W{K/K) — * E x , 
then we denote the conductor of x orec K by a(x) i-e. the smallest non-negative 
integer a such that 1 + (tt 11 ) is contained in the kernel of x o recj<- Then for any 
tuple (K, V, ip, dx) with V e R E (W(K/K)) Deligne @] defines 

£q,e(K, V, -0, dx) e E x such that 
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1. If 

->• V' — V -> V" ->• 
is a short exact sequence of virtual representations in Re(W(K /K)), then 

e 0tE (K, V, ip, dx) = eo tE (K, V', ip, dx)e 0tE (K, V" , ip, dx) 

2. For any a e K x 

e , E {K,V,iP a ,dx) = det(V)(rec K (a)) \\ a ||-*">(v) eo, E (K, V, ip, dx). 
and for any ae E x 

e . E (K, V, ip, adx) = a dm ^e . E (K, V, if>, dx), 
where ip a (x) := tp(ax). 

3. We have a functional equation 

e 0>E (K,V,iP,dx)e , E {K,V*{l),iP- 1 ,dx) = 1. 

4. If \ Qk dx = 1 and ker{ip) = Ok, then for an unramified representation V 
of dimension one 

e MK,V^,dx) = (-x^- 1 ))" 1 = - x (p), 

where x gives the action of W(K/K) on V. 

5. Assume that V is a one dimensional representation of W(K/K) and the 
action of W(K/K) on V is given by \- Assume that \ 1S ramified, then 



eo,E(K, V,ip,dx) = x X (a;)^(a;)da; := V x 1 (x)ip{x)da 

JK" n Jv(x)=n 

X~ 1 (x)ip(x)dx, 

where ce K x is any element such that v(c) = n(ip) + a(x)- 



6. Let L be a finite extension of K. Put ipL = ip o Tr^/K and dy for a Haar 
measure on L. Let V be a virtual representations of W(K/L) of dimension 
0. Then 

e , E (L,V,ip L ,dy) = e , E {K, Ind L / K V,ip, dx). 

More generally if dimension of V is not 0, then Deligne proves existence 
of X(L/K, ip, dx, dy) e E x such that 

e 0<E (L, V, 4> L ,dy) = \(L/K, 4>oTr L/K , dx, dy)- d " n(v h Q , E (K, Ind L/K V, iP, dx) 
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The A-invariant is independent of V and depends only on the extension 
L/K, iji and the choice of Haar measures dx and dy on K and L respec- 
tively. Therefore we can compute them by 



X(L/K, ip, dx, dy) 



£q,e(K, Ind L / K (l),ip, dx) 
e 0jE (L, 1,-0 Tr L/K ,dy) ' 



where 1 is the trivial representation of W(K/L). This will be useful for us 
especially when L/K is a finite abelian extension. The explicit formulae for 
epsilon constants given below show that X(L/K,ip,dx,dy) = (— 1)[- L: - K '] _1 ; 
when L/K is a finite unramified abelian extension. 

7. If V is an element of Re{W(K/K)) and x is an unramified one dimensional 
character of W(K/K), then 



where sw(V) is the Swan conductor of V which we do not define here. We 
only remark that in the case of one dimensional representation V the Swan 
conductor is for unramified V and it is a(V) — 1 if V is not unramified. 

We denote Z^ r , p-adic completion of the maximal unramified extension of Z p , 
by J. From now on we choose and fix a Haar measure dxK on K such that 
\o - d x K = 1. If there is no scpoe for confusion we write dx for dxx- If V is of 
dimension 0, then (2) implies that e e does not depend on dx. In this case we 
denote the epsilon constant by €q } e(K, V, tp). For a character \ 01 W(K/K) of 
finite order, the epsilon constant can be computed explicitly as 



(i) e 0tB (K,x,ip,da;) = - x ( 7r "W + 1 )/ d "W if x is unramified. 

(ii) e QtB {K, X ^dx) = l dnW Z ueoUmod { ^ {x)))X ^{rec{uc^))^ K {uc- 1 ) if* 



is not unramified. 

These explicit expressions will be very useful for us later. If p is an Artin 
representation of Wk of dimension n p , then a theorem of Brauer (see Deligne 
0] 1.10) gives 



for finite extensions K , of K and one dimensional representations Xi 01 Wic 4 ■ 
Then we have 



The main result of Langlands [15] and Deligne [4] is to show that this expression 
is well-defined. 



c ,e(K, Vx, V>, dx) = x(tt 



(V) + ^m(V)(n(i,) + l) )eQ E ^ K ^ ^ dx) 




e(K, p, 0, dx) = e(K, 1, 0, dx) n ? *[\ e{K x , X i-l,1>° Tr Ki/K ) 
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3 Statement of the main theorem 



Fix a prime p different from I. Let G be a p-adic Lie group and O be a ring. We 
put Ao(G) := lim 0[G/U] for the Iwasawa algebra of G with coefficients in O; 

u 

here U runs through open normal subgroups of G. Let T be any finitely gen- 
erated projective Ao (G)-module with a continuous action of Gal{K/K) (unless 
stated otherwise all modules and actions are left). 

Recall that we have fixed a Haar measure dx on K. We consider the triples 
(A,T,ip), where A := Ao(G) for some p-adic Lie group G and O is a finite 
extension of Z p . For a ring A we denote by A the ring J<S>z p A. 

Conjecture 1 ((Kato's local epsilon conjecture: / # p case)). There exists a 
unique way to associate an element 

e 0jA (K,T,iP) e K^A), 

to each triple (A, T, ip) as above, satisfying the following conditions: 

(i) For triples (A, T, ip), (A, T", ?/>), (A, T", ?/;) wi/i common A,ip and with an 
exact sequence — > T" — > T — > T" — » 0, we ftave 

e 0t A(K,T,ip) = e .A(K,T',il;)eo yA (K,T",ip). 

(ii) Let (A, T, ?/>), (A', T' , ip) be triples with a common ip, and let Y be a finitely 
generated projective A' -module endowed with a continuous right action of 
A that is compatible with the action of A'. Assume that T' = YO&aT. 
Then the map Y®\ : Ki(A) — » K\(A') (for a definition of this map see the 
example after the definition of K\ groups in section^ sends eo^\(K,T,ip) 
toe , A ,(K,T',iP). 

(Hi) Let c 6 Ox> then 

e 0:A (K,T,cip) = [T,rec(c)]ea :A (K,T,ip). 

(iv) We have 

where ip p is an endomorphism of K\(A) which is Frobenius on J and 
identity on A. 

(v) Let L be a finite extension of Q p; let V be a finite dimensional L-vector 
space over L endowed with a continuous action of Gal(K/K) such that 
the induced action of W(K/K) on V is continuous with respect to the 
discrete topology of V, and let T be an Oh-lattice of V that is stable 
under the action of Gal(K/K). Let E be any composite field of L and 
Qp ®z W^QFp) over Q p . Then eo t E(K, V, ip, dx) coincides with the image 
ofe ,o P L (K,T^). 
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(vi) e 0jA (K,T,ilj) = l dn W[T,-<pl +nW ] is the action of Gal(K/K) on T is 
unramified. 

Our main result is the following 
Theorem 3.1. Conjecture^ is true up to uniqueness. 

Remark 1. Since we cannot prove uniqueness it is a little awkward to prove 
properties (i) and (ii) in the conjecture. We contend with proving existence of 
epsilon constants satisfying (i) and (ii). 

4 A special case 

First we prove the theorem when G = Gal(L/K) for a p-adic Lie extension L 
of K, the ring O is Z p and the ring A := k% (G). The module is T = A as a 
A- module with the following action of Gal(K/K). 

cr • i = t ■ a^ 1 . 

Here a is the image of a e Gal(K/K) in the quotient G and the multiplication 
on the right hand side is in the ring A. We denote this A-module T by A # . 
More precisely, we prove the following 

Theorem 4.1. There exists £q,a(K, A # , ip) e i^i(A) satisfying the following 
conditions: 

(ii 1 ) Let V a L be a Galois extension of K such that L/L' is finite and G' = 
Gal(L'/K). Put A' = A Zp (G')- Then the homorphism A'® A : K Y (k) -» 
Ki(A') sends e 0:A (^, A # , -0) to e 0:A ' (K, A' # , ip). 

(Hi') IfceOft, then 

e , A {K,A*,ctP) = [A # ,rec(c)]e , A (^,A # » 

(iv 1 ) We have 

^ p ( eo ,A(^,A # ») = [A*,rec(p)]e 0tA (K,A#,iP) 
= rec(p)" 1 e ,A(^,A # ,^) 

(v 1 ) Let p be a finite dimensional ^^-representation of G. We consider it as 
a representation ofW{K/K) by first inflating it to Gal(K / K) and then 
restricting it to W{K/K). If p is a continuous representation ofW{K/K) 
(with discrete topology on C p ), then we have 

p(e ,A(^,A # , ^)) = e ,c P (K,V p ,ip,dx) 

Here p on the left hand side is the evaluation map p : Ki(A) — > C p and 
V p is the representation space of p. 
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(vi' ) If A* is unramified, i.e. if the extension L/K is unramified, then 

_ _idn(4>) -l-n(ili) 

Let us remark that when G is a finite group uniqueness follows immediately 
from (v') and injection of the map 

n p-.k^d^hjw 

peR(G) P 

proven in Izychev-Venjakob [TU], corollary 2.44. Here J[p] is the ring obtained 
by adjoining values of p to J. Thus only property (v') is used for uniqueness. 
In fact, we use this very strongly in several proofs below. For instance, to prove 
property (ii 1 ) it suffices to show that image of 6o,a(K, A # , ip) takes the same 
values as eo,A'(-K) A' # , ip) at all representations of G'. 



4.1 G is a finite group 
4.1.1 G is a finite abelian group: 

Let L/K be a finite abelian extension with G = Gal(L/K). Let a = max{cond(L/K),l] 
For ^ i ^ a — l,fix elements c a -i of K x with valuation a — i + n{ip). For this 
paragraph define 

Eo:-eo,I,[G](A',Z P [G]*,<*) 

■-*-*»{% V^y. (-)] [ 2 M<^.-w«sy]) 

ueO x (mod 7r a ) 

= g Z W)-^( J] ^( W c-^)[ 2 rec^" 1 )]) 

z=0 »eOg(mod tt"-*) ueti(mod it") 

6 J[G]. 

Note that [(vr a - 2 ) : (tt°)] = Z* for all < i < a - 1 and if u = w'(mod tt"- 2 ), 
then V>( c a-i u ) = ^OvV). 

Lemma 4.2. Lei 1/ 6e a Galois extension of K contained in L. Put G' = 
Gal(L'/L). Under the projection 

J[G] -» J[G'], 

eo,z p [G](^,^p[G] # ,-0) mapped to e Q ,z p [G'](K, % P [G']* , V0- 

Proof. Let b := max{cond(L' / K) , 1}. If i < a — b, then the projection of 

Yj rec i/K (c a _ i u -1 )V'(uc~^) 

ueO»^(mod 7r a ) 
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in J[G'] is 

ueOj(mod it b ) uee(mod it*) 

On the other hand if i > a — 6, then the projection of 

2 rec L/x (c a _ l u~ 1 )?/'(uc^ 4 ) 

ueOjS(mod 7r a ) 

in J[G'] is 

oeOx(mod tt 6 ) tiet>(mod tt") 

=[(tt 6 ) : (tt )] 2 rec^Cc-it;- 1 )^^-^). 

t>eOj(mod 7r 6 ) 

The lemma is now clear. □ 

Lemma 4.3. Let \ be a one dimensional character of G with values in C p . If 
the conductor o/^kb orjfa=l and \ * s unramified, then we have 

x(eo) = e , Cp (K,x,ip,dx). 



Proof. First assume that x has conductor a. Then 
X(eo) =l dnW £ ^(uc-^xirecicau- 1 )) 

uqO k (mod 7T a 

z=l tieOg (rood 7r a -*) uet)(rood ir°) 

Let w e Ox/1 + (n a ) be any elements whose image in O k /1 + (7r a ~ J ) is u. Then 
sum in square brackets above is 

2 X(^ec(c a _iu -1 )) = xica-iw^ 1 ) 2 x(rec(c a _iU _1 )) 

u6v(mod 7r a ) uel(mod 7r a ) 



which is zero since x is nontrivial on 1 + (7r a ~ l ) for any £ > 1. 

Next we assume that x is unramified. Therefore a = 1 and the calculations 
is straightforward. □ 

Proposition 4.4. Theorem\4-l\ holds if G is a finite abelian group 
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Proof. We first notice that eo lies in J[G] X = K\(J\G]) (this is similar to the 
argument in section 4.4 in Taylor [21]). The main point is that J[G] n 9Jl x = 
J[G] X , where dJl is the maximal order in Qp r [G] consisting of all x such that 
p(x) is a p-adic unit for all p e R(G). Next we show that eo satisfies all the 
conditions in the theorem. Condition (ii') is verified in lemma |4~2] Conditions 
(Hi') and (iv') are easily verified. Condition (v') is verified using lemmas 14.21 
and 14.31 The last condition is again easily verified from the definition of eo . □ 

Remark 2. If G is of the form A x H , then for any one dimensional character 
p of A we put 

e 0tZp[p][H] (K,T®p,i,) = p(e , Zp[G ](K,T,VO) e J[p][H] x 

Here J[p] is the ring obtained by adjoining the image of p to J and p on the 
right hand side is the J -linear map 

p : J[A x H] - J[p][H] 

given by (5,h) i— > p(5)h for every (5,h) e A x H. Rest of the notation is self 
evident and we do not explain it further. 

4.1.2 G is abelian times a finite group of order prime to p 

Proposition 4.5. Theorem \4-l\ holds when G is of the form G = A x H where 
H is a finite abelian group and A is a finite group of order prime to p. 

Proof. Use the isomorphism 

pER(A) PER(A) 

where the map in each component is the one in remark [2] The expression 
e o,z [p][H] [K, T (x) p,ip) makes sense when p is a one dimensional character. If 
not, then let n p be the dimension of p. We write p—n p -l = ^ nilnd^./xiXi^^-) 
and define 

e o,z p [ Xt ][H](Ki,T ® (xi - 1), "0 °Tr K ./ K ) n \ 

i 

This is well-defined because the Deligne-Langlands constants are well-defined 
and the map 

j[hy^ n j m x 

is injective. We define eo,z p [G](K, J[G],-0) as the inverse image of the element 
( e o,z p [p][H] {K, T (x) p,ip)) p under isomorphism in equation ([T]). We now verify 
that eo satisfies all the conditions in theorem 14.11 Condition (v 1 ) is satisfied 
by the construction we have given. Condition (ii') is implied by (v'). Other 
conditions are easy to verify. □ 
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4.1.3 G is p-elementary 

The aim of this paragraph is to prove the following 

Proposition 4.6. Theorem \4-l\ holds when G = H x A, where A is a finite 
cyclic group of order prime to p and H is a finite p-group. 

The extension L A /K is tamely ramified. Let F be the maximal unramified 
extension of K inside L A . Then N := Gal(L A / F) is cyclic normal subgroup of 
H and the quotient Gal(F/K) is also cyclic. We say that the extension L A /K 
is split if Gal(L A /K) is a semi direct product of G/N and N . Replacing L A by 
a finite extension, if necessary, we may assume that L A /K is a split extension 
of p-power degree. By taking L to be the compositum of L H and L A , we may 
assume that G = H x A, with H a semi direct product of two cyclic groups, say 
N and F, of p-power order. Subsection 17.21 of the appendix describes Ki(k). 
We refer to the appendix for all unexplained notation in the remaining of this 
subsection. 

Let us denote the field L * by Ki. The key theorem of this section and indeed 
this article is 

Theorem 4.7. {{-l)l Ktt ^-\ iZp[ G»i{Ki,Z*[Gf]*,1>aTr Ki /K)) satisfies MI- 
MS. 

Remark 3. Recall that \(Ki/K,ip,dxK:dxKi) = (— as Ki/K is un- 
ramified. 

Proof. For this proof let us denote (-l)^* 1-1 ^^] i K h %p[Gf]# ,ipoTr Ki/K )) 
by e, and tjj o Tr K ./ K by ipi. Conditions Ml and M2 follow from formal prop- 
erties of the epsilon constants. Let us briefly explain this for Ml. Let p be a 
representation of Hj/[Hi, Hi] x A. Then evaluation of ^i.j(ej) at p — n p is 

(p-n p )(TT l ^(e J )) = e Q ,c p {Kj,p-n p ,il)j). 

On the other hand, 

(p - np)(Nr id (e i )) = Ind(p - l)(xi) 

= eo,C p (Ki, Ind(p - n p ), ipi) 
= e 0tCp (Kj,p-n p ,il;j) 

Moreover, the values of Nrijfa) and 71^(6,-) at the trivial representation of 
Hj/[Hi,Hi] x A is the same, namely (^^^"W)^*] = ^[Ky.K^) ^ Hence 
Nr itj (ei) = n it j(ej). 

Now let us prove M3. Denote the order of the residue field of Ki by l di . As 
Ki/K is unramified, 7r is a uniformiser in Ki. It is enough to prove that for all 
s$ k < a - 1 

2 rec(w~ 1 c a - k )^{uc-\) 

tteO^. mod (7r a ) 

= 2j ver(rec(v~ 1 c a - k ))'^i-i(vc~* k )(mod Tj), 

veO^. 1 niod (7r a ) 
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since l d i( n W~ k ) — p>'d(n(^)-k) = \v l 1 d(n(ip)-k) _ ^d ( _i(n(^)-fe)^ mo( j (Warn- 
ing: one has to be slightly careful when p = 2 and i = 1 in which case the right 
hand side in above congruence should be replaced by its minus. But in this case 
we need to show congruence modulo 2 and hence the minus sign can be ignored). 
The congruence in the above displayed formula is easily verified as we now show. 
Let t be the smallest positive integer such that T p acts trivially on u~ x c a -}.. 
It is clear that t < i. If t = i, then the T-orbit of rec(u _1 c a _fc)^(uc~^; A .) lies 
in the ideal Tj. If t < i, then there is unique w e 0£ /l + (ir a ) such that 
w = u _1 e _fe(mod 7r a ). Note that V'i-ifw -1 ) = ^i(u> _1 )(mod p l ~ l ). Therefore 
the F-orbit of rec(w)ijji(w~ 1 ) — ver(rec{w))'4'i-i{w^ 1 ) lies in the ideal Ti and 
the congruence is verified. □ 

of Proposition \4-6[ The above theorem together with theorem 17.11 of the ap- 
pendix gives an element 

which is the inverse image of ((— l) Ki ' K ^~ 1 £o.i. p [Gi] ^p[G" 6 ] # , ip%))% under 
the map Oq.j- Let us verify that eo satisfies condition (v 1 ). If p is an irre- 
ducible representation of G, then by proposition 25 Serre [19], there exists one 
dimensional representation \i °f G% such that p = Ind%Xi- Then 

p(eo) = X i ((-l)^ ,iK] - 1 eo J z p [ Gf *](^ > Zp[G? 6 ] # .V'i)) 

= (-l) [ ^ ] -Vc P (^,Xi,^,^) 
= eo,c p (K, p,ip,dx), 

since the invariant A(Ki/K,ip,dx,dxKi) = (— l)^^] -1 as Ki/K is unramificd. 
Condition (ii 1 ) is implied by (v'). Conditions (iii'), (iv 1 ) and {vi') are easily 
verified. □ 



4.1.4 G is Frac( J)-elementary 

In this paragraph G is a Frac( J)-clcmcntary group which we define now. 

Definition 1. Let q be a prime and £1 be a field. A finite group U is called q-il- 
elementary if it is of the form U = C xi P, where P is a q-group and C is a finite 
cyclic group of order prime to q and Im(U — > Aut(C)) cz Gal(K (fj,\c<)/ K) cz 
Gai(Q(/ii C 7|)/Q) = Aut(C). A finite group U is called VL- elementary if it is 
q-fl- elementary for some prime q. 

From now on we denote Frac(J) by f2. Assume that G is g-J7-elementary 
for some prime q # p. Let G = C x U , where U is a g-group and C is a cyclic 
group of order prime to q. Write C = C p x C", where C p is a p-part and C' is 
a prime to p-part. Define U' = C' x U. Therefore we can write G = C p x U'. 
Put C := H {U',C P ) and U x := Ker(U' Aut{C p )). Let G = G x U' and 
Gi = C p x U x 

6 G : Ai(J[G]) ^ Ai(J[G ]) x Ai(J[Gi]) 
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which is the natural projection in the first factor and the norm map in the 
second factor. Then it can be proven (using exactly the same proof as that of 
proposition 4.11 Kakde [T^]) that this map is injective and the image consists 
of all (xq,xi) satisfying 

Ml. N(xq) = 7r(xi), where N is the norm map 

AT : #i(J[Go]) A'i(J[C x U{\), 
and 7r is the natural projection 

vr: Ki{J[G{\) ^ Kx{J\C xU{\) 

M2. x\ is fixed under conjugation by every element of V. 

Let us denote Z p [Go] by A and Z p [Gi] by A x . Put K\ = L Gl . Note that propo- 
sition 23] gives elements e ,A (K, A* , ip) e K\{J\Gq\) and eo.Ai (Ki, Af , ip o 
Ttk-l/k) 6 ATi(J[Gi]). We put A = X(Ki/K, tp, cLxr, dxK t )- As p | [G : Gi], we 
may consider A as an elements of J x using the explicit formulae for A- invariants 
and e-constants given in section [21 

Theorem 4.8. The pair (eo,Ao {K, A*, tp), Ae ,Ai (K%, Af, -0 o Tr Kl / K )) lies in 
the image of 9q . 

Proof. Similar to the first part of the proof of theorem 14.71 □ 

Now assume that G is p-ft- elementary. Write G = C n x U (since the group 
Gal(n(fj, n )/Q) is trivial we have direct product), where U is a p-group and C n 
is a cyclic group of order n prime to p. Then theorem 14.11 is known to be true 
from proposition 14.61 

Proposition 4.9. Theorem \4- l\ holds in the case when G is a finite f2- elementary 
group. 

Proof. We only need consider the case of q-fl- elementary, for p ¥= q. Then by 
theorem 14.81 there is an element eo = e o,\(K, A # , ip) in ATi(J[G]) which maps 
t° (eo,A (-f ) A* ,ip), Aeo,Ai(Afi, Af ^ oTr Kl / K )) under the map 9q- Rest of the 
proof is similar to the proof of proposition 14.61 We just remark that to prove 
property (v') we again use that any irreducible representation is either inflated 
from a representation of Go or is induced from an irreducible representation of 
Gi (proposition 25 in Serre [H]). □ 

4.1.5 G is any finite group 

In this paragraph G is any finite group. Then the induction theorems of Dress 
and Wall (see Dress [6 , Oliver [T7] theorem 11.2 or Wall [3S] theorem 5.4) give 
an isomorphism 

Kt(J[G]) ^Hm.K-i(J[E7]), 
u 
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where U ranges over all Q- elementary subgroups of G and the inverse limit is 
with respect to the norm maps and the conjugation maps. We have already 
constructed ejj := e 0Zp ^(L u ,Z p [U]*,iljoTr L u^ K ) for each U above. Put 
Xu := X(L U /K,tp,dxK,dx L u). We contend that (Xjjeu)u e 1™ K\{J\LT\). Let 

u 

V = gU g^ 1 for g e G and let p be any irreducible representation of V . Then 

/o(Ayey) = Xy m(p) e ,c p (L v , p,i^ o Tr L v /K ,dx L v) 
= £o,c p (K, Ind L v/ K (p),ip,dx). 

On the other hand, 

pigXjjeug- 1 ) = g~ 1 pg(X u e u ) 

= X^ m{p) e ofip (L u ,g^pg,ifj oTr L u /K ,dx L u) 
= £o,c p {K, Ind L u /K (g~ 1 pg),ip,dx) 
= eo,C p (K, Ind L v /K (p),ip,dx), 

where the last equality follows from the fact that Ind^v /jj (p) = Indjjj 99) ■ 

Hence Xyey = g^u^ug' 1 - Next let V be a Sl-elementary subgroup of an- 
other O-elementary subgroup U of G. Then we must prove that the norm map 

Ki(J[U]) > ifi(J[y]) sends Xueu to Xyey. Let p be any representation of 

V. Then 

p(Ayey) = Xy m{p) e QtCp (L V ,p,ip oTr L v /K ,dx L v) 
= £o,C p (K, Ind L v /K (p),ip,dx) 

On the other hand 

p{Nr{X u e u )) = Ind L v /L u(p)(X u e u ) 

= y[L -.L ]Am( P ) eoc ^ L c/ IndLV /LU (p)^ oTr L u /K ,dx L u) 
= £o,C p (K, Ind L u /K (Ind L v /L u(p)),ip, dx) 
= eo,C p (K, Ind L v /K (p), ip, dx) 

Therefore, Nr(Xueu) = Xyey. Hence {Xxjeu)u e lim Ki(J[U]). This allows us 

u 

to construct eo.z [G] (K, Z p [G] # , ip) as the inverse image of {eu)u under above 
isomorphism. 

Proposition 4.10. Theorem \4.1\ holds in the case when G is any finite group. 

Proof. We must show that the element e 0Zp [q] (K, Z p [G] # , VO constructed above 
satisfies all the conditions required by theorem 14.11 The proof is similar to the 
proof of proposition S21 We just remark that instead of propositon 25 in [TO] we 
use Brauer's induction theorem (see for example theorem 19 in Serre |19j ) which 
ensures that every irreducible representation of G is a Z-linear combination of 
representations induced from representations of elementary subgroups. 

□ 
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4.2 G is a p-adic Lie group 

In this case we use the isomorphism of Fukaya-Kato [7] proposition 1.5.1 

K X {A{G)) ^\rm K X {Z P [G/U]), 
u 

where U runs through open normal subgroups of G. We define K[(Z P [G/U]) := 
K X (Z P [G/U])/SK X (Z P [G/U]), where SK X {Z P [G/U]) := ker(K x (Z p [G/U]) -> 
K X (Q P [G/U])). Define K[(A(G)) := # x (A(G))/lim SK x (Z p [G/t/] ) . Consider 

the diagram 

1 lira K[(Z P [G/U]) *~ lim K X (J[G/U]) —X lim K X (J[G/U]) 

u u *u 



K[{A{G)) K x {Kj{G)) — > ifi (Aj(G)) 1 

The bottom row is not known to be exact though it is expected to be (see remark 
3.4.6 in loc. cit. and Izychev-Venjakob [10]), We do not know if the second 
vertical arrow is an isomorphism. Hence the proof of the following proposition 
uses property (for the first time) (iv 1 ). 

Proposition 4.11. Theorem \4-.l\ holds when G is any p-adic Lie group. 

Proof: The surjection of 1 — ip p in the bottom row (see proposition 3.4.5 Fukaya- 
Kato [7]) implies that there is an element / e K x (Aj(G)) such that (1 — (fi p )(f) = 
[A(G) # , rec(p)]. Denote the image of / under the second vertical arrow by 
(fu)u. Then (l-^pX/tO = [Z p [G/U]*,rec(p)]. Hence 

(e ,z p [G/u](K,Z p [G/U]* ^)f u 1 )u e lim K' X (Z P [G/U]). 

u 

Let u be the inverse image of this element in K' 1 (A(G)). Define 

e 0MG )(K, A(G) # , V) = i{u)f e K x (Aj(G)). 

The proof that this element satisfies all the required properties is similar (in 
fact easier) to the proof at the end of section [6] We only make the following 
remark about property («'). If p is a representation of G factoring through 
a finite quotient G/U, then («') can be verified directly using (v') for the ele- 
ment eo,z p [G/t/](^> Z p [G/U]* 7 -0). More generally we use the fact that any finite 
dimensional continuous representation of W(K/K) can be twisted by one di- 
mensional unramified representation to get a representation that factors though 
a finite quotient of W(K/K) and hence through a finite quotient of G. We can 
then use property (7) of Deligne-Langlands constants mentioned in section [5] 
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5 A is group ring of a finite group and T is ar- 
bitrary 

In this section A = 0[P] is a group ring of a finite group and T is arbitrary 
finitely generated projective A-module. Therefore T is compact and the action of 
Gal(K/K) factors through a p-adic Lie quotient, say G. We define eo,\(K, T, ip) 
as follows: Let Y be the A-module T on which A(G) acts on the right by 

y ■ a = <7 _1 • y for y e Y, a e G. 

Here a is any lift of a to Gal(K/K) and the action on the right hand side is the 
original Galois action on T . Then 

Y ®a(g) A(G) # = T 

as A- modules with the action of Gal(K/K). We define eo \{K,T,ip) to be the 
image of e A ^ G - ) (K,A(G)*,'ip) under the map 

Y® HG) : ffi(A(G)) -tfi(A). 

Note that this definition is enforced upon us by condition (ii) in the conjec- 
ture. Moreover, condition (ii') in theorem 14.11 implies that this definition is 
independent of the choice of G. 

Theorem 5.1. The element eo t A{K,T,ipK) defined above is the unique element 
in Ki(A) satisfying (i)-(vi) of conjecture^ 

Proof: Again the uniqueness follows from the fact that the map 

^i(J®z p o[p])^ Yl ( J ^°M) X 

peR(P) 

is injective (see corollary 2.44 Izychev-Venjakob [10]). Now we show that it has 
the required properties. Assume that we have three finitely generated projective 
A- modules Ti,T 2 ,T 3 in a short exact sequence T\ «-» T 2 -» T 3 . We choose G 
such that the Galois action on all Tj's factors through G. Then e 0j A(K,T i: ip) 
is the image of e := £o.A(G)(^ A(G) # , under the map ni : i^®A(G) (f° r 
1 < i < 3). Note that we have a short exact sequence Y\ Y^ -» Y3. Therefore, 
^2(0) = 7ri(a)7T3(a). Hence 

e Q ^{K,T 2 ,ip) =7r 2 (e) = 7ri(e)7r 3 (e) = e QyA {K,T 1 ,ilj)eo^(K,T 3 ,^), 

i.e. (i) is satisfied. 

We next verify condition (ii). We keep the notation from (ii) in theorem 13.11 
Choose G such that the action of Galois on T and T" both factor through G. 
Then e . A (K,T,ijj) and c ,a>(K, T' , ip) are images of e := e ,A(G)(#, A(G) # ,-0) 
under the maps, say w± := 3^i<8)a(G) an d ^2 := ^2®a(G) respectively. Then 

y ®a n ®a(g) A(G) # 3 y ® A t s r' 
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Therefore the image of e under 7T2 and Y®a^i is the same. Hence (ii) is satisfied. 
Conditions (iii) and (iv) are easily verified. Condition (v) is verified from con- 
dition (V) for e A ( G )(if, A(G) # , V')- Condition (vi) holds because of condition 
(«*') holds for e QMG) (K,A(G)*,iP). 

6 The general case 

In this section A := Ao(G) is Iwasawa algebra and T is arbitrary finitely gen- 
erated projective A-module. We again use the isomorphism of Fukaya-Kato [7J 
proposition 1.5.6 

Jfi(A) ^> lim Kt(p[G/U]), 
U 

where U runs through open normal subgroup of G. Theorem 15 . 1 1 gives existence 
of e v := e ,O[G/u](K, 0[G/U] ® Ao(G) T, e Kx{0[G/U}) for each U. Property 
(ii) for these elements along with uniqueness ensures that the tuple (eu)u lies in 

the group lim Ki(0[G/U]). Now consider the following commutative diagram 

If 

1 „ lim K[(0[G/U]) > lim K^OfG/U]) — P -i- lim Ki(jO\G/ff\) 



K[(A) K x (k) — tfr(A) 1 

The top row is exact by theorem 2.45 Izychev-Vanjakob [10]. The bottom row 
is not known to be exact though it is expected to be. Consider [T, rec(p)] as an 
element of Ki(A). Its image under the second vertical arrow is ([TV, rec(p)])u , 
where T\j = 0[G/U]<S>Ao{G)T- By proposition 3.4.5 in Fukaya-Kato [7] the map 
1 — (p p in the bottom row is sujective and hence there is an element / e i^i(A) 
such that ip p (f) = [T, rec(p)]f. Denote the image of / under the second vertical 
arrow by (fu)u- Property (iv) of the epsilon constants ejj and their uniqueness 

implies that (eufu 1 )u e hm K[(0[G/U]). Let u := u(T) be the inverse image 

U 

of this element under the first vertical arrow. Define eo,A.(K,T,i/>) := t(u)f. 
This is the element we seek. Now we can finish the proof of our main theorem. 

of theorem \3.1[ We show that the element eo,A(K,T,ip) defined above satisfies 
all the required properties in theorem 13. II Let T, T',T" be as in (i) of theorem 
13.11 Then, for every open normal subgroup U of G, the modules Tu,T{j,T^ 
are related in the same manner (since they are projective A- modules). We then 
have the relation 

£Q,0[G/XT\{ K > T U,i>) = £0,O[G/U]( K , T U ^) e 0,O[G/U]( K , T U 

Moreover, 

[T,rec{p)] = [T' ,rec(p)][T" ,rec(p)]. 
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Hence u(T) = u{T')u{T") and condition (i) is satisfied. 

We next verify condition (ii). For an open normal subgroup U of G and an open 
normal subgroup U' of G' , we put Y v , >v for the 0[G'/U'] - 0[G/C/]-bimodule 
0[G'/U'} ® A (G') y ®A(G) 0[G/U]. Then we have 

Yu',u ®o[G/u] T v =; T' v , 

Hence, under the map Yu' ,u®o\G /U] > the element £o,o[G/u] Tu, i>) maps to 
e 0,O[G'/U'](K,Tu>,ij)). Taking into account that 

Y ® A [T,rec(p)] = [T',rec(p)] e K x (k') 

we get (ii). In order to verify (iii) we notice that / used in the construction 
of eo ; \(K,T,i(}) does not depend on tp. The factors e;j, which depend on ip, 
satisfy (iii). Therefore u(T), which depends on tjj, satisfy (iii). Hence we get 
(iii) for eo A.(K,T,ip). Condition (iv) holds by construction. Condition (vi) is 
easily verified. □ 

We end with an algebraic criterion to prove uniqueness of the epsilon factors. 

Proposition 6.1. If for any compact p-adic Lie group G and any finite exten- 
sion O of Tip, we have an injection 

tfi(MG)) ^ lim K 1 (A lG)/I n ), 

n 

where I is the radical ideal of Ao(G), then the uniqueness in Conjecture[]]holds. 
Proof. This is clear from our construction. □ 

7 Appendix: K\ of group rings 

In this section we gather algebraic results used in the main text of the article. 
7.1 Definition of K 1 

Definition 2. Let R be a ring with 1. The group K\(R) is an abelian group, 
whose group law we denote multiplicatively, defined by the following generators 
and relations. 

Generators: [P,a], where P is a finitely generated projective R-module 
and a is an automorphism of P. 

Relations: 

(i) [P, a] = [Q,/3] if there is an isomorphism f from P to Q such that 
foot = f3of. 
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(ii) [P,ao(3] = [P,a][P,f3]. 
(m) [P®Q,a@/3] = [P,a][Q,f3]. 

Example 1. (Change of rings) Let R and R' be two rings. Let Y be a finitely 
generated projective R' -module. Assume that Y is also a right R-module and 
actions of R and R' are compatible i.e. Y is a R'-R bimodule. Then there is a 
map 

Y®r ■ K\{R) — » Ki(R') 
given by [P, a] <-* [Y <S)r P, idy (g> a] . 

Here is an alternate description of Ki(R). We have a canonical homomor- 
phism GL n (R) —* Ki{R) defined by mapping a in GL n (R) to [i?™,a], where 
R n is regarded as a set of row vectors and a acts on them from the right. Now 

using the inclusion maps GL n (R) *-»■ GL n+ i(R) given by g i— ► ( ^ J j, wc 

let 

GL(R) = KJ n>l GL n {R). 

Then the homomorphisms GL n {R) — > K\(R) induce an isomorphism (see for 
example Oliver \F7\, chapter 1) 



[GL{R),GL{R)} 



where [GL(R),GL(R)] is the commutator subgroup of GL(R). If R is com- 
mutative, then the determinant maps, GL n (R) — > R x , induce the determinant 
map 

det : Ki(R) ->■ i? x , 

via the above isomorphism. This gives a splitting of the canonical homomor- 
phism R x =GL 1 (R) -> K X (R). If R is semilocal then Vaserstein ([22] and (2"5]1 
proves that the canonical homomorphism R x = GLi(R) —* Ki(R) is surjective. 
From these two facts we conclude that if R is a semilocal commutative ring, 
then the determinant map induces a group isomorphism between K\(R) and 
R x . 

Example 2. If P is a compact p-adic Lie group and O is a complete discrete 
valuation ring of characteristic with residue field of characteristic p, then the 
Iwasawa algebra Ao (P) is a semilocal ring. Hence, if P is an abelian compact 
p-adic Lie group then K\(ho{P)) = Ao(P) x ■ 

Let / c R be any ideal. Denote the group of invertible matrices in GL(R) 
which are congruent to the identity modulo / by GL(R, I). Denote the smallest 
normal subgroup of GL(R) containing all elementary matrices congruent to the 
identity modulo I by E(R,I). Finally, set K^RJ) = GL(R, I)/E(R, I). A 
lemma of Whitehead says that E(R,I) = [GL(R),GL(R, I)]. Hence Kx{R,I) 
is an abelian group. 
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7.2 K\ of some group rings 

Let N and T be finite cyclic groups of p-power orders and H = N x> T. Let A 
be a finite cyclic group whose order is prime to p and put G = H x A. In this 
section we describe Ki(J[G]) following Kato [2] and Kakde [TT]. Let us set up 
some notation. Assume that the order of L is p n . We put 

Hi-.= N x T p ' and G l := Hi x A for all s£ i s= n. 

Therefore, Hq = H and H n = N. We define the map 

n 

6 Gt j : K X {J[G\) ^Y\J[G?Y \ 

which is, in each factor, a composition of the norm map, 

norm : Ky{J[G\) -» ifi(J[Gi]), 

followed by the natural projection 

K^Jld]) ^ K^JlGf]) ^ J[Gf]\ 

We define some more maps. For all < i < j < n, there are two maps; the 
norm map 

Nr id : J[Gf] x - JlHj/lHuHi] x A] x , 
and the natural surjection 

Tr itj : J[Gf] - J^/t^,^] x A]. 

For every i < n, we have 

<7, : J[Gf ] - J[Gf ] r 

given by 

7G r/rp' 

Put for the image of Oi. Then Tj is an ideal in the ring J[Gf b ] r . Lastly, for 
every 1 < i < n, we need the map 

^ : J[Gf_ J - J[Gf ], 

induced by the Frobenius on the coefficients J and the transfer map i>er : 

i-1 U i ■ 

Theorem 7.1. T/ie map $g.j * s infective and its image consists of tuples (xi)" =0 
Mi. For all ^ i ^ j ^ n, we have Nrij(xi) = it%,j{xj). 
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M2. For all ^ i < n, the element Xi is fixed under conjugation by every 
g e G. 

MS. For all 1 ^ i =g n, we have the congruence Xi = ver(xi-\){mod Ti). 

Proof. First we state an additive result. Let Conj(G) denote the set of con- 
jugacy classes of G and define r to be the natural surjection r : J[G] — ► 
J[Conj{G)]. Put I G = Ker{J[G] — J). Define 



J[Conj(G)]^Ylj[Gf], 



J-linear and 



Tr hJ : J[Gf] - J[H 3 /[Hi,Hi] x A]. 



Pg.j 

where the map in each component is the composition of the trace map 

J[Conj(G)] ^ J[Conj(Gi)] 

if g i Gi 

T^xeg/g, x 9^ if 9 e Gi 

with the natural surjection J[Conj(Gi)] — » J[Gf 6 ]. The map Pg,j is injective 
and the image consists of all (ai)i<i<7, e Yl7=o ] such that 

Af . For all < i < j < n, we have Trij(ai) = -Ki^(aj). Here Tr^ is the trace 
map 

T ''> i,3 ■ ° V^i J ~^ J L-"j7 

A2. For all ^ i < n, the element is fixed under conjugation by every g e G. 

A3. For all ^ i < n, we have e Ti. 

Moreover, the image of t(Ig) under /?g.j is precisely equal to the elements 
in I~nt=o ^H ab satisfying A1-A3. The last statement is clear from the remaining 
claims whose proof can be found in Kakde fTT] section 3.1, or Kakde [H] section 
5.3 or Schneider- Venjakob [18] section 3. Next we use the integral logarithm of 
Oliver and Taylor. This was classically defined only with the ring of integers 
in finite unramified extension of Q p as coefficients. Hence we use the recent 
extension to more general coefficients as in Chinburg-Pappas- Taylor 2 . Define 
K[(J[G],I G ) to be the image of K X (J[G],I G ) in Ki(J[G]) under the natural 
map K X (J[G], I G ) —* Ki(J[G]). Combining equation (14) of loc. cit. with the 
fact that SKi{ J[G]) = {1} (corollary 2.44 in Izychev- Venjakob [10]) we have an 
exact sequence 

1 -+ G ab - K[(J[G],I G ) ^ r(I G ) - 1. 

We denote restrictions of the maps 9 Gt j and f3 Gy j to subsets by the same symbol. 
Consider the commutative diagram 

1 G ab K[(J[G],I G ) ^—^ t(I g ) - 

1 Gf JXo 1 + I G f» 7 laf ^ 
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with exact rows, where C = (Ci) is the map 



veri(xi-i) 



It is proven in Kakde [TT], corollary 4.4 that this C makes the diagram commute. 
One can now proceed as in loc. cit. to prove that (xt) e O"=o ^ + ^G^ h nes m 
Og,j(K[(J[G], Iq) if and only if it satisfies M1-M3. Next we use the following 
commutative diagram with exact rows 



1 *K[(J[G],I G ) 

So,. 



Ki(J[G]) ■ 



Ki(J) 



1 



i + i G? 



Y\UKi{J) 



Here the last vertical arrow is [G : Gj] = p l -power map in ith factor. Let 
(xi) e nLo K i( J i G fl) be a tu P le satisfying M1-M3. Let y t be the image of 
Xi in K\{J) under augmentation map i.e. the third arrow in the bottom row. 

Then Ml implies that Hi = Vq ■ It is also clear that (xty^ 1 ) e Yl7=o + an< ^ 
satisfies M1-M3. Theorem 17. II is now clear. □ 
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